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THE IMPACT DAMPED HARMONIC OSCILLATOR I N  FREE DECAY 
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ABSTRACT 

G.V. Brown 
Na t iona l  Aeronautics and Space A d m i n i s t r a t i o n  

Lewis Research Center 
Cleveland, Ohio 44135 

and 

C.M. N o r t h  
Rose-Hulman I n s t i t u t e  o f  Technolagy 

Terre Haute, I nd iana  47803 

The impact-damped o s c i l l a t o r  i n  f r e e  decay Is 
s tud ied  by  u s i n g  t i m e  h i s t o r y  s o l u t i o n s .  A large range 
o f  o s c i l l a t o r  ampl i tude i s  covered. The amount o f  
damping i s  c o r r e l a t e d  w i t h  t h e  behavior  o f  t h e  impact- 
i n g  mass. There a r e  t h r e e  behavior  regimes: (1) a low 
ampli tude range w i t h  l e s s  than  one impact p e r  cyc le  and 
very low damping, ( 2 )  a u s e f u l  m idd le  ampli tude range 
w i t h  a f i n i t e  number o f  impacts p e r  cyc le ,  and (3)  a 
h i g h  ampl i tude range wi th  an i n f i n i t e  number o f  impacts 
p e r  c y c l e  and p r o g r e s s i v e l y  decreas ing damping. F o r  
l i g h t  damping t h e  impact damping i n  t h e  m idd le  range 
i s  (1) p r o p o r t i o n a l  t o  impactor  mass, ( 2 )  a d d i t i v e  t o  
p r o p o r t i o n a l  damping, (3 )  a unique f u n c t i o n  o f  v ib ra -  
t i o n  ampli tude, ( 4 )  p r o p o r t i o n a l  t o  1-C, where E i s  
t h e  c o e f f i c i e n t  o f  r e s t i t u t i o n ,  and (5) v e r y  roughly  
i n v e r s e l y  p r o p o r t i o n a l  t o  amplitude. The system exh i -  
b i t s  jump phenomena and p e r i o d  doublings. An impactor 
w i t h  2 pe rcen t  o f  t h e  o s c i l l a t o r ' s  mass can produce a 
l oss  f a c t o r  near 0.1. 
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v iscous damping r a t i o  o f  o s c i l l a t o r  

l o s s  f a c t o r  ((2n)-1 t imes  f r a c t i o n  o f  energy 
l o s t  t o  damping p e r  c y c l e )  

l o s s  f a c t o r  due t o  impact damping o n l y  

impactor mass r a t  i o  ( impactor  mass d i v i d e d  by 
osc i  11 a t o r  mass) 
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INTRODUCTION 

The impact damper has been s t u d i e d  f o r  severa l  
decades (Popplewell ,  e t  a l .  (1983), Masri (1970), Bapat 
and Sankar (1985), and references t h e r e i n )  because i t  
produces s u b s t a n t i a l  damping f o r  i t s  mass and because 
i t  i s  e f f e c t i v e  over a wide frequency range. 
ex tens i ve  l i t e r a t u r e  on t h e  r e l a t e d  t o p i c s  o f  impacts 
i n  systems wi th  mechanical c?earance such as p inned 
j o i n t s ,  gear t r a i n s ,  cams, and p i s t o n s  (see f o r  
example Bapat, e t  a l .  (1983) and references t h e r e i n ) .  
The impact-damped system i s  a l i n e a r  system o n l y  
between impacts, and c losed  f o r m  s o l u t i o n s  o f  i t s  
m o t i o n  a re  n o t  obta inable.  
computers, most o f  t h e  progress i n  p r e d i c t i n g  t h e  
f o r c e d  response of t h e  damper was made by search ing f o r  
s teady-state s o l u t i o n s  w i t h  specia l  c h a r a c t e r i s t i c s  and 
by  examining t h e  s t a b i l i t y  o f  t h e  so lu t i ons .  
methods have been supplemented by analogue and d i g i t a l  
t i m e - h i s t o r y  s o l u t i o n s .  The focus o f  t h e  t ime-h i s to ry  
s o l u t i o n s  has tended t o  remain on s teady-state f o r c e d  
response and on l i m i t e d  ranges o f  o s c i l l a t o r  ampli tude. 

damping t o  ve ry  l i g h t l y  damped aerospace systems t h a t  
undergo f o r c e d  o r  se l f -exc i ted  v i b r a t i o n  ( f l u t t e r ) .  
The i n h e r e n t  l o s s  f a c t o r  ( f r a c t i o n  o f  v i b r a t i o n a l  
energy d i s s i p a t e d  p e r  rad ian )  i s  o f t e n  l e s s  than  0.01 
and sometimes below 0.001. Small a d d i t i o n s  t o  damping 
i n  these systems cou ld  g r e a t l y  increase component l i f e  
or ,  b y  r e l i e v i n g  des ign c o n s t r a i n t s  imposed t o  avoid 
excess ive v i b r a t i o n ,  c o u l d  permi t  performance gains o r  
we igh t  savings. 

Besides p r o v i d i n g  damping p r e d i c t i o n s  f o r  these 
systems, t h e  focus on l i g h t  Camping i n  f r e e  decay 
r e v e a l s  f e a t u r e s  o f  impact damper behavior  t h a t  a re  n o t  
observable i n  more h e a v i l y  damped systems because any 
g i ven  range o f  ampl i tude i s  t raversed more r a p i d l y .  
In t h i s  s tudy  t h e  mass of t he  impact ing p a r t i c l e  
( impac to r )  i s  a t  most 4 percent o f  t h e  o s c i l l a t o r  mass, 
and t h e  l o s s  f a c t o r  i s  u s u a l l y  l e s s  than  0.1. 
Ext remely l i g h t  impactors (0.001 pe rcen t  o f  t h e  p r i -  
mary mass) a re  used t o  explore l i m i t i n g  behavior. 

as impor tan t  as t h e  s tudy of forced response, and a 
thorough response s tudy should be made be fo re  app ly ing  
impact dampers i n  aerospace systems. However, a f r e e  
decay s tudy  has va lue  i n  t h i s  non l i nea r  problem f o r  
seve ra l  reasons. F i r s t ,  there a r e  f e a t u r e s  o f  t h e  
behavior  o f  t h e  impactor i n  f ree decay which c a r r y  o v e r  
i n t o  f o r c e d  behavior  b u t  which a r e  l e s s  e a s i l y  recog- 
n i z e d  t h e r e  because of t h e  complexity and d i v e r s i t y  o f  
behavior .  Secondly, a s i n g l e  t r a n s i e n t  decay can e l i -  
c i t  a range o f  impact behavior f rom below one t o  an 
i n f i n i t e  number o f  bounces per c y c l e  and an ampl i tude 
range cove r ing  over  two orders of magnitude. 
o t h e r  hand, behavior  i n  narrow ranges o f  ampl i tude can 
b e  s t u d i e d  i n  d e t a i l  by  us ing  ve ry  l i g h t  impactors. 
F i n a l l y  t h e  r e s u l t s  have i n t r i n s i c  va lue i n  showing t h e  
r a t e  o f  recove ry  f rom a t r a n s i e n t  d is turbance.  

There i s  

Before t h e  advent o f  l a r g e  

These 

The p resen t  s tudy i s  motivated by a d e s i r e  t o  add 

The s tudy  o f  f r e e  decay i s  perhaps not ,  i n  i t s e l f ,  

On t h e  

DECAY CALCULATIONS 

A s imple harmonic o s c i l l a t o r  damped by an impactor 
i n  a c a v i t y  i s  represented i n  f i g u r e  1. The equat ions 
of mot ion and t h e i r  so lu t i ons ,  presented i n  t h e  appen- 
d i x ,  a r e  simple i n  any i n t e r v a l  between successive 
impacts. The impacts a re  modeled by  assuming t h a t  a 
c o e f f i c i e n t  o f  r e s t i t u t i o n  e x i s t s ,  and t h e  equat ions 
t h a t  r e l a t e  t h e  v e l o c i t i e s  b e f o r e  and a f t e r  impacts 
appear i n  t h e  appendix. 
s i o n l e s s  by us ing t h e  c a v i t y  gap d as t h e  l e n g t h  
u n i t ,  t h e  pr imary mass m as t h e  mass u n i t ,  and t h e  
r e c i p r o c a l  ( i n  sec l rad ian )  o f  t h e  undamped n a t u r a l  f r e -  
quency wn o f  t h e  harmonic o s c i l l a t o r  as t h e  t ime  
u n i t .  A FORTRAN computer code was w r i t t e n  t o  c a l c u l a t e  
t i m e  h i s t o r i e s  o f  t h e  mot ion and seve ra l  o t h e r  func- 
t i o n s  o f  t ime  (descr ibed i n  t h e  appendix). 
i s  complete ly  s p e c i f i e d  by t h e  mass f r a c t i o n  u O f  t h e  
impactor, t h e  c o e f f i c i e n t  o f  r e s t i t u t i o n  
p o r t i o n a l  damping r a t i o  < o f  t h e  o s c i l l a t o r  (stem- 
ming f rom vI .~cous,  m a t e r i a l  o r  s t r u c t u r a l  damping) and 
t h e  i n i t i a l  c o n d i t i o n s  o f  motion. 
i n g  was inc luded t o  sec how i t  i n t e r a c t s  w i t h  impact 
damping i n  t h e  non l i nea r  system. 
t i a l  cond i t i ons  on t h e  r e s u l t s  was not explored; t h e  
o s c i l l a t o r  was re leased w i t h o u t  v e l o c i t y  f rom i t s  i n i -  
t i a l  amplitude. 

Decay curves o f  t h e  nondimensional ampl i tude A o f  
t h e  o s c i l l a t o r  f o r  E a 0.6 a re  shown i n  f i g u r e  2. 
Values o f  u are  1, 2, and 4 percent, and t h e r e  i s  
0.01 percent  o f  c r i t i c a l  v iscous damping i n  t h e  o s c i l -  
l a t o r  system. The slopes o f  t h e  curves show t h a t  t h e  
impact damping increases as t h e  ampl i tude decreases, 
except near t h e  low-amplitude end o f  each curve. A l so  
shown f o r  t h e  u = 1 1,ercent cu rve  a r e  keys t o  
f i g u r e s  3 and 4 ,  which p resen t  s h o r t  segments o f  t h e  
impactor mot ion t o  show r e p r e s e n t a t i v e  impact p a t t e r n s  
t h a t  occur a t  va r ious  amplitudes. 
impactor  displacement i s  shown r e l a t i v e  t o  i t s  c a v i t y  
wal ls ,  l oca ted  a t  r e l a t i v e  displacements o f  t h e  impac- 
t o r  o f  0 and 1. I n  f i g u r e  4 abso lu te  displacements o f  
t h e  impactor and o f  t h e  w a l l s  a r e  shown. 
v a r i e t y  o f  impact pa t te rns .  These i n c l u d e  (some n o t  
shown i n  t h e  f i g u r e s )  equal numbers of impacts on each 
s i d e  ( f i g s .  3(b), 4(a)  and 4(b)) ,  an even number on one 
s i d e  and an odd number on t h e  o t h e r  ( f i g .  3(c) ) ,  and 
p a t t e r n s  t h a t  repeat  o n l y  a f t e r  two o r  more cyc les.  A t  
o s c i l l a t o r  ampli tudes above -5 t h e  number o f  impacts on 
each s ide  o f  t h e  c a v i t y  becomes i n f i n i t e ,  as f o r  a b a l l  
bouncing t o  r e s t ,  b u t  t h e  t i m e  e lapsed d u r i n g  such a 
"bounce-down" i s  f i n i t e .  A t y p i c a l  case i s  shown i n  
f i g u r e  3(a). Slower decay occurs below an ampl i tude 
o f  about 0.05 because t h e  impactor  l a c k s  enough speed 
t o  t r a v e r s e  t h e  c a v i t y  i n  l e s s  t h a n  one cyc le,  as shown 
i n  f i g u r e  4(c). T h i s  range w i l l  be c a l l e d  t h e  range of 
impact f a i  1 w e .  

The equat ions a re  made dimen- 

The system 

E ,  t h e  pro- 

P r o p o r t i o n a l  damp- 

The i n f l u e n c e  of i n i -  

I n  f i g u r e  3 t h e  

Note t h e  

The reason f o r  h i g h  damping f o r  ampl i tude on t h e  
- o r d e r  o f  a few t e n t h s  o f  t h e  c a v i t y  gap can be seen i n  

f i g u r e  4(b). A t  t h e  ampl i tude i l l u s t r a t e d  there, t h e  
impactor  t r a v e l s  severa l  t imes  as f a r  as t h e  o s c i l l a -  
t o r ,  hence i t  has a h i g h e r  v e l o c i t y .  It acqui res t h i s  
v e l o c i t y  through impacts on an advancing wa l l .  A t  t h e  
ampl i tude where maximum damping occurs, t h e  impactor  
v e l o c i t y  i s  approx imate ly  f i v e  t imes  t h e  maximum veloc-  
i t y  of t h e  o s c i l l a t o r .  I n  t h e  r e s t i t u t i o n  model, a 
f r a c t i o n  o f  t h e  r e l a t i v e  v e l o c i t y  i s  l o s t  a t  each 
impact. Thus t h e  h i g h  r e l a t i v e  v e l o c i t y  due t o  impacts 
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on an advancing w a l l  i s  respons ib le  f o r  t h e  h igh  
d ampi ng. 

impact behavior  i n  t h i s  and r e l a t e d  systems i n  b o t h  
a n a l y t i c a l  and experimental s t u d i e s  o f  f o r c e d  response 
(Masr i  (1970). Valuswami, e t  a1 (1975). Popplewel l  e t  
a l .  (1983), Bapat, e t  a l .  (1983). and Bapat and Senkar 
(1985)) .  The p resen t  s tudy p rov ides  a u n i f y i n g  l i m i t -  
i n g  case f o r  a number o f  p rev ious  s t u d i e s  because 
i n s i d e  an o s c i l l a t o r  undergoing f r e e  decay under s u f f i -  
c i e n t l y  l i g h t  damping, t h e  mot ion o f  t h e  o s c i l l a t o r  i s  
e s s e n t i a l l y  unperturbed. 
l i m i t  t h e  d i s t i n c t i o n  between t h e  harmonic o s c i l l a t o r  
and a housing d r i v e n  i n  s i n u s o i d a l  mot ion vanishes. 
S i m i l a r l y  t h e  d i s t i n c t i o n  between f o r c e d  response and 
o f  f r e e  decay through t h e  same ampl i tude range van- 
ishes. Thus two impor tan t  connect ions can be made 
between t h e  p resen t  r e s u l t s  and pub l i shed  work on 
impactors  i n  d r i v e n  housings (Bapat, e t  a l .  (1983)) and 
i n  f o r c e d  harmonic o s c i l l a t o r s  w i t h  li h t  damping 
(Masr i  (1970). and Popplewell ,  e t  a l .  q1983)). 

impactor  behav io r  i n  f r e e  decay corresponds t o  t h a t  i n  
f o r c e d  response o r  i n  t h e  d r i v e n  housing. I t  i s  known 
t h a t  two impact p a t t e r n s  can be s t a b l e  under t h e  same 
c o n d i t i o n s  i n  a d r i v e n  housing (Bapat, e t  a l .  (1983)). 
Yet t h e  behav io r  o f  t h e  impactor  i n  an o s c i l l a t o r  i n  
f r e e  decay i s  u n i q u e l y  determined by  t h e  i n i t i a l  condi- 
t i o n s ,  and hence o n l y  a s i n g l e  behavior  ( i .e. impact 
p a t t e r n )  i s  p o s s i b l e  d u r i n g  t h e  pass through any given 
ampli tude. (However, o t h e r  i n i t i a l  c o n d i t i o n s  may 
y i e l d  a d i f f e r e n t  behavior  a t  t h e  g i ven  amplitude.) 
On t h e  o t h e r  hand i n  a f r e e l y  decaying o s c i l l a t o r ,  the 
impactor  passes through complex and p o s s i b l y  even chao- 
t i c  s t a t e s  which may n o t  e x i s t  i n  a steady s t a t e  and 
which s t a b i l i t y  t heo ry  cou ld  n o t  p r e d i c t .  F o r  example 
i n  t h e  t r a n s i t i o n s  between r e g u l a r  impact p a t t e r n s  dur- 
i n g  o s c i l l a t o r  decay, a ve ry  l i g h t  impactor passes 
th rough  a l a r g e  a r r a y  o f  impact p a t t e r n s  t h a t  approxi- 
mate t h e  " long-period" (and p o s s i b l y  c h a o t i c )  behavior 
found p o s s i b l e  b y  p rev ious  authors s tudy ing  impact sys- 
tems (see f o r  example, Shaw (1985). Thus one-to-one 
correspondence o f  impactor behavior  i n  a decaying 
o s c i l l a t o r  with t h a t  i n  a f o r c e d  o s c i l l a t o r  o r  i n  a 
d r i v e n  housing i s  n o t  expected. 
unexplored ques t i ons  o f  correspondence between f r e e  
decay, f o r c e d  response, and d r i v e n  housings, a consid- 
e r a b l e  degree o f  correspondence i n  impactor behavior 
i s  shown, and t h e  l o s s  f a c t o r  c a l c u l a t i o n s  f o r  f r e e  
decay have v a l u e  f o r  f e a s i b i l i t y  s tud ies .  

LOSS FACTOR RESULTS 

F i g u r e  2 presented decay curves o f  t h e  o s c i l l a t o r  
ampl i tude f o r  t h r e e  values o f  Y .  The l o s s  f a c t o r s ,  
computed f r o m  those decays by u s i n g  t h e  ampli tudes i n  
f i v e  success ive c y c l e s  t o  smooth f l u c t u a t i o n s  (see the 
appendix), a r e  presented i n  f i g u r e  5 as f u n c t i o n s  of 
t h e  ampli tude. 
cu rves  i n  f i g u r e  2, t h e  l o s s  f a c t o r  increases as the 
ampl i t u d e  decreases, u n t i  1 ampl i t u d e  i s between 0.05 
and 0.1. 
damping drops a b r u p t l y  toward t h e  p r o p o r t i o n a l  damping 
value. E r r a t i c  bounces s t i l l  occur, sometimes causing 
a temporary i nc rease  i n  t h e  c s c i l l a t o r  energy and 
ampli tude. 
t h e  l o s s  f a c t o r  reduces t h e  h e i g h t  and broadens t h e  
damping peaks i n  f i g u r e  5 because v e r y  low va lues f rom 

Prev ious authors have noted t h e  wide v a r i e t y  of 

Heace i n  t h e  l i g h t  damping 

There remain some quest ions o f  how c l o s e l y  t h e  

I n  s p i t e  of these 

As expected f rom t h e  slopes of t h e  

I n  t h i s  range impact f a i l u r e  occurs and the 

The averaging pracess used i n  c a l c u l a t i n g  

t h e  impact f a i l u r e  range a re  mixed in .  T h i s  e f f e c t  i s  
g r e a t e r  f o r  l a r g e r  v .  

Note t h e  cons ide rab le  s i m i l a r i t y  o f  t h e  curves i n  
f i g u r e  5. D i v i d i n g  t h e  l o s s  f a c t o r  b y  Y reduces t h e  
curves ve ry  n e a r l y  t o  a s i n g l e  curve, as shown i n  
f i g u r e  6. 
averaging, t h e  main v i s i b l e  d i f f e r e n c e s  occur  a t  t h e  
h ighes t  ampl i tude ( l owes t  damping) and a r i s e  f r o m  t h e  
p r o p o r t i o n a l  damping. These can be removed as shown 
below.) Thus f o r  II up t o  4 percent, t h e  impact l o s s  
f a c t o r  p e r  u n i t  mass f r a c t i o n  o f  t h e  impactor, hence- 
f o r t h  c a l l e d  t h e  s p e c i f i c  l o s s  f a c t o r ,  i s  a cons tan t  
a t  any g i ven  amplitude. Th is  i s  t o  be expected f o r  
v e r y  l i g h t  damping where t h e  impactor b a r e l y  p e r t u r b s  
t h e  o s c i l l a t o r  motion. The energy d i s s i p a t e d  i n  an 
impact and hence t h e  l o s s  f a c t o r  a re  then  p r o p o r t i o n a l  
t o  t h e  impactor mass. A p o r t i o n  o f  t h e  s p e c i f i c  l o s s  
f a c t o r  cu rve  f o r  Y = 0.25 percent  i s  i nc luded  as a 
dashed l i n e  t o  show t h e  approximate shape t h a t  t h e  peak 
o f  t h e  curves would have w i thou t  averaging. (Fo r  t h e  
l i g h t e r  impactor, t h e  slower decay y i e l d s  more o s c i l l a -  
t o r  c y c l e s  i n  any ampl i tude range. 
averaging a re  thus  more l oca l i zed . )  

F i g u r e  7 p resen ts  t h e  l o s s  f a c t o r  curves f o r  a 
s i n g l e  mass f r a c t i o n ,  2 percent, b u t  f o r  v a r i o u s  va lues  
o f  p r o p o r t i o n a l  damping c.  Curves f o r  p r o p o r t i o n a l  
damping r a t i o s  c between 0.01 and 0.8 pe rcen t  a r e  
shown. To f i n d  o u t  whether t h e  t o t a l  damping i s  6 sim- 
p l e  sum o f  impact and p r o p o r t i o n a l  damping, t h e  l o s s  
f a c t o r  corresponding t o  t h e  p r o p o r t i o n a l  damping was 
sub t rac ted  f rom each curve. (Note t h a t  l o s s  f a c t o r  
II and v iscous damping r a t i o  c a r e  r e l a t e d  by 
II = 2c.)  The r e s u l t s ,  d i v i d e d  by  t h e  impactor  mass 
f r a c t i o n  t o  y i e l d  s p e c i f i c  impactor l o s s  f a c t o r ,  a r e  
p l o t t e d  i n  f i g u r e  3. The curves a r e  almost i d e n t i c a l ,  
j u s t i f y i n g  t h e  o r d i n a t e  l a b e l  o f  s p e c i f i c  " impactor  
l o s s  factor , "  and showing t h a t  t h e  p r o p o r t i o n a l  damping 
i n  t h e  main o s c i l l a t o r , a n d  t h e  impact damping a r e  addi- 
t i v e  i n  t h e  l i g h t  damping regime. Thus a s i n g l e  uni- 
v e r s a l  f u n c t i o n  o f  ampl i tude descr ibes t h e  s p e c i f i c  
impactor  l o s s  f a c t o r .  T h i s  u n i v e r s a l i t y  a p p l i e s  o n l y  
t o  va r ious  values o f  mass f r a c t i o n  and o f  p r o p o r t i o n a l  
damping, however; a change o f  t h e  c o e f f i c i e n t  o f  r e s t i -  
t u t i o n  produces a new func t i on ,  as i s  shown l a t e r .  

Over a s u b s t a n t i a l  p o r t i o n  of t h e  u n i v e r s a l  impac- 
t o r  damping cu rve  ( f i g .  8) t h e  impactor  damping appears 
t o  v a r y  rough ly  i n v e r s e l y  w i t h  amplitude. 
what e x t e n t  t h i s  i s  t rue ,  t h e  s p e c i f i c  impactor  l o s s  
f a c t o r  m u l t i p l i e d  by  t h e  ampl i tude i s  p l o t t e d  i n  
f i g u r e  9. 
t h e  curves l i e  w i t h i n  *30 percent  o f  0.34. That i s ,  

(As ide f rom t h e  peak r e g i o n  a f f e c t e d  by  

The e f f e c t s  of 

To show t o  

Over t h e  ampli tude range between 0.1 and 10, 

An i /p  = 0.34 (lt0.3) (0.1 < A < 10, c = 0.6) 

where n i  i s  t h e  l o s s  f a c t o r  due t o  t h e  impactor. 
.Th i s  equat ion p rov ides  an es t ima te  o f  impact damping 
over  a wide ampl i tude range. Note t h a t  t h e  bounce-down 
range i s  made more v i s i b l e  i n  t h i s  t y p e  o f  p l o t .  It 
i s  t h e  range o f  predominant ly  nega t i ve  s lopes above t h e  
maxima near  A = 5. 

The approximate constancy o f  A a i l v  l eads  t o  a 
c h a r a c t e r i s t i c  o f  t h e  impact damped o s c i l l a t o r  no ted  
i n  p rev ious  exper imenta l  and a n a l y t i c a l  s tud ies,  namely 
t h e  near - l i nea r  decay o f  ampl i tude w i t h  t i m e  (see. 
e.g., Bapat and Sankar (1985)). 
n i  i s  p r o p o r t i o n a l  t o  t h e  ampl i tude decay r a t e  

Since t h e  l o s s  f a c t o r  
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d i v i d e d  b y  A, t hen  i f  A n {  i s  roughly  constant, t he  
df1cd.y r a t e  must be roughly  constant. 

Resul ts  presented up t o  t h i s  p o i n t  have been f o r  
E - 0.6, a va lue w i t h l n  the  range f o r  s tee l -on-stee l  
impacts (0.5 t o  0.8), (Higdon and S t i l e s  (1955)). To 
show the  general e f f e c t  of changing E ,  t h e  impactor 
loss f a c t o r  i s  presented i n  f i g u r e  10 f o r  t h r e e  values 
o f  E ,  0.4, 0.6, and 0.8. I t i s  seen t h a t  reducing 
E r a i s e s  t h e  impact damping i n  t h e  middle range o f  
amplitude. 
f o r  lower E ,  and t h e  amplitude below which impact 
f a i l u r e  occurs r i s e s  as E f a l l s .  I t  appears t h a t  
At-, i /v may be l i n e a r  w i t h  l n ( A )  and independent o f  
E i n  t h e  bounce-down range. As E increases t h e  
damping cu rve  becomes more e r r a t i c  i n  most ranges o f  
ampli tude. 
t h e  a c t i v e  range o f  t h e  impactor t h e  damping i s  rough ly  
p r o p o r t i o n a l  t o  (1 - E ) .  

i n  f i g u r e  11 where t h e  ord inate v a r i a b l e  i s  
A t - , j / ( u ( l  - F)). 
t h e  c P 0.8 cu rve  are magnif ied by a f a c t o r  of 5 by  
d i v i d i n g  by (1 - E ) .  

I M P A C T  PHASE, PERIOD DOUBLING, POSSIBLE CHAOS, AND JUMP 
PHENOMENA 

But bounce-down ends a t  lower ampli tudes 

I t  a l s o  appears f rom f i g u r e  10 t h a t  w i t h i n  

This i s  shown t o  be t h e  case 

Unfor tunate ly  t h e  f l u c t u a t i o n s  i n  

The impact p a t t e r n  o f  the impactor i n  a f r e e l y  
decaying o s c i l l a t o r  becomes more d e f i n i t e  and has 
r i c h e r  d e t a i l  i f  t h e  t o t a l  damping ( v i scous  p l u s  
impact) i s  reduced t o  a l l ow  slower passage through each 
ampli tude. 
slow decay can be brought out b y  p l o t t i n g  t h e  t ime  o f  
each impact d u r i n g  a h a l f  cyc le  as a f u n c t i o n  o f  t h e  
o s c i l l a t o r  ampli tude. Remnants o f  many f e a t u r e s  can 
then be i d e n t i f i e d  i n  s i m i l a r  p l o t s  f o r  f a s t e r  decays. 
I n  these p l o t s  i t  i s  convenicnt t o  use t h e  o s c i l l a t o r  
phase angle (measured i n  degrees f rom t h e  o s c i l l a t o r  
zero c ross ing )  as the  measure o f  t ime, as descr ibed i n  
the  appendix. 

u = 0.001 percent .  Th i s  extremely l i g h t  impactor 
b a r e l y  p e r t u r b s  the  o s c i l l a t o r .  (The va lue o f  c 
was chosen t o  y i e l d  t h e  desired reco rd  length.) 
very  slow decay encompasses about 1900 o s c i l l a t o r  
pe r iods  and n e a r l y  8000 impacts. Each impact i s  repre-  
sented by an open c i r c l e  i n  the f i g u r e ,  b u t  where t h e  
impactor mot ion becomes r e p e t i t i v e ,  t h e  c i r c l e s  merge 
i n t o  smooth b o l d  l i n e s .  With re fe rence  t o  p l o t s  l i k e  
those i n  f i g u r e s  3 and 4, one can i d e n t i f y  t h e  Impact 
p a t t e r n s  t h a t  occur  i n  each ampli tude range. A s i n g l e  
impact a t  t h e  same phase i n  each h a l f  c y c l e  occurs f o r  
A < 0.35. 
repeated eve ry  h a l f  cyc le ,  occur f o r  1.2 < A < 1.4; 
t h r e e  f o r  2.4 < A < 2.6; and f o u r  f o r  3.4 < A < 3.55. 
A t  t h e  h i g h  ampli tude end of each o f  these reg ions  
( i .e.,  a t  A I 0.35, 1.4, 2.6, and 3.55). each phase 
l i n e  s p l i t s  i n t o  two branches. The number o f  impacts 
per  o s c i l l a t o r  c y c l e  does not change a t  these po in ts ,  
b u t  r a t h e r  t h e  impacts occur a t  d i f f e r e n t  phases i n  
successive h a l f  cyc les.  The d e n s i t y  o f  impact p o i n t s  
along each branch i s  thus half of t h a t  on t h e  coalesced 
curve. To t h e  l e f t  o f  t h e  s p l i t s ,  t h e  sma l les t  
"pe r iod "  T .  f o r  r e p e t i t i v e  behavior  o f  t h e  impact 
phase i s  18b0, o r  h a l f  o f  the o s c i l l a t o r  p e r i o d  T. 
To t h e  r i g h t  o f  t h e  s p l i t s  the impact phase p e r i o d  
i s  360' and i s  thus equal t o  T. Most o f  t h e  s p l i t  
phase l i n e s  can be f o l l o w e d t o  another s p l i t  a t  a 
h ighe r  ampl i tude (e.g., a t  A 1.57, 2.73. and 3.65), 
where T i  becomes 720 o r  27. And by expanding t h e  
scales, a t  l e a s t  one add i t i ona l  phase "pe r iod  doubl ing"  
can be seen i n  some cases. Per iod doub l i ng  i s  known t o  

A number o f  i n t e r e s t i n g  f e a t u r e s  o f  such a 

F i g u r e  12  presents  a p l o t  o f  impact phases f o r  

The 

S i m i l a r l y  two impacts per  h a l f  cyc le ,  

T i  

h e  one r o u t e  t o  chaos (bounded, nonper iod ic  mot ion) .  
Th is  r a i s e s  the  quest ion (beyond t h e  scope o f  t h i s  
s tudy)  o f  whether t h e r e  i s  a chao t i c  reg ion  between 
every adjacent p a i r  o f  o r d e r l y  impact regimes. 
does occur i n  an impactor mounted w i t h  a sp r ing  and 
p r o p o r t i o n a l  damping i n  a d r i v e n  housing (Shaw (1985). 

o f  mot ion e x i s t s  f o r  a g i ven  s e t  o f  parameters, jumps 
between t h e  s t a t e s  can oc:ur as some parameter i s  
s l o w l y  changed. 
impact p e r i o d i c i t y  can occur w i t h  ampli tude changes. 
Such jumps can be seen by comparing an impact phase 
graph f o r  f r e e  decay w i t h  one taken f rom a c a l c u l a t i o n  
i n  which t h e  ampl i tude i s  made t o  grow w i t h  t i m e  by 
s p e c i f y i n g  a nega t i ve  va lue o f  t h e  viscous damping 
r a t i o  f o r  t h e  p r imary  o s c i l l a t o r .  (Negative values of 
v iscous damping can be used t o  descr ibe s e l f - e x c i t e d  
o s c i l l a t i o n s  such as f l u t t e r . )  Two phase raphs so 
obta ined a re  shown i n  f i g u r e s  13(a) and (by. I n  b o t h  
f i g u r e s  u = 0.001 percent  and 1 5 1  P 0.02 percent, b u t  
c i s  negat ive i n  (b ) .  Note t h e  tendency o f  t h e  
impactor i n  each case t o  ma in ta in  t rends  of i t s  impact 
pa t te rn .  For  example d u r i n g  growth t h e  c o n d i t i o n  o f  
two e q u a l l y  spaced impacts pe r  c y c l e  (denoted by 2e) 
p e r s i s t s  t o  A = 0.4, wnereas i n  decay t h a t  p a t t e r n  
se ts  i n  o n l y  below 0.36. 

The reg ions  o f  r e g u l a r  impactor behavior  i n  
f i g u r e  13 can be compared w i t h  t h e  reg ions  o f  s t a b l e  
impactor behavior  i n s i d e  a housing d r i v e n  a t  va r ious  
steady s inuso ida l  ampli tudes presented i n  Bapat e t  a l .  
(1983). Stable impact regimes f o r  E = 0.6 f rom t h a t  
paper a re  shown i n  f i g u r e s  13(a)  and ( b )  denoted by  
as te r i sks .  The boundaries o f  t h e  2e r e g i o n  i n  decay 
a re  very c l o s e  t o  those o f  Bapat e t  a l .  (1983). 
phases o f  t h e  impacts i n  t h e  2e r e g i o n  agree very 
w e l l  w i t h  those p r e d i c t e d  f rom t h e  ana lys i s  i n  t h a t  
paper. I n  t h e  r e g i o n  o f  two unequal ly  spaced impacts 
pe r  c y c l e  (denoted by 2u f o r  t h e  present  c a l c u l a t i o n s  
and by  2u* f o r  d a t a  f rom Bapat e t  a l .  (1983)) ,  t h e  
phase f rom t h a t  paper, f i g u r e  4 agrees w i t h  t h e  phase 
o f  t h e  e a r l i e r  o f  t h e  two impacts of t h e  p resen t  
r e s u l t s  below about A = 0.4, b u t  t h e r e  t h e  Bapat e t  
a l .  (1983) phase t u r n s  upward. The reg ions  o f  t h r e e  
impacts pe r  o s c i l l a t o r  p e r i o d  ( l a b e l e d  as above), show 

9 f i g .  1 3 ( b ) )  and decay ( f i g .  1 3 ( a ) )  t h e r e  a re  reg ions  
marked 8.3 i n  which t h e r e  are e i g h t  impacts i n  t h r e e  
cyc les  ( w i t h  two impacts i n  t h e  f i r s t  cyc le ,  t h r e e  i n  
t h e  second and t h r e e  i n  t h e  t h i r d ) .  Other more i r r e g u -  
l a r  impact p a t t e r n s  a re  present  i n  0.79 < A < 0.88, b u t  
t h r e e  impacts pe r  o s c i l l a t o r  p e r i o d  a re  t h e  most com- 
mon. 
i o r  i s  o n l y  approximated, and va r ious  impact p a t t e r n s  
occur i n  t r a n s i t i o n s  t h a t  may n o t  be s t a b l e  i n  a steady 
s ta te .  

F i g u r e  13(a) a l s o  shows some p e r i o d  doublings. 
A t  A = 0.35 two unequal ly  spaced impacts p e r  c y c l e  
become two e q u a l l y  spaced impacts, hence t h e  impact 
p e r i o d  above A = 0.35 i s  t w i c e  t h a t  below. 
r e g i o n  above A = 0.48, where t h r e e  impacts p e r  c y c l e  
predominate, t h e  range 0.48 < A < 0.53 has an impact 
phase p e r i o d  equal t o  t h e  o s c i l l a t o r  p e r i o d  T. From 
A = 0.53 t o  0.64 t h e  impact phase p e r i o d  i s  2T. 
small  r e g i o n  around A = 0.65 has an impact phase 
p e r i o d  o f  4T. 

grosser  f e a t u r e s  o f  t h e  impact phase graphs a re  main- 
ta ined,  b u t  d e t a i l  i s  l o s t  because fewer impacts occur  
Per u n i t  range o f  amplitude. 

Chaos 

:n a non l i nea r  system where more than  one s t a t e  

Here jumps between s t a t e s  o f  d i f f e r i n g  

The 

r e a t e r  d i f f e rences .  For  example i n  b o t h  growth 

C l e a r l y  d u r i n g  growth and decay, p e r i o d i c  behav- 

I n  t h e  

A 

A t  h ighe r  values o f  impactor mass f r a c t i o n ,  t h e  

With f a s t e r  decay t h e  
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i d e n t i f i a b l e  f e a t u r e s  s h i f t  toward lower amplitude. 
F i g u r e  14 shows impact phase f o r  
c - 0.0001 
Doublings o f  impact phase p e r l o d  a r e  s t i l l  v i s i b l e  f o r  
1 through 6 impacts p e r  h a l f  cyc le .  The doub l i ng  a t  
A = 1.4 i n  f i g u r e  12 has s h i f t e d  t o  near A 1.3. The 
range where bounce-down occurs ( A  > 5) i s  I nc luded  i n  
f i g u r e  14, and i n  t h a t  range an a d d i t i o n a l  phase po in t  
i s  p l o t t e d  when t h e  impactor  i s  thrown f r e e  a t  a phase 
near  180'. T h i s  r e g i o n  has rece ived  l i t t l e  a t t e n t i o n  
i n  t h e  l i t e r a t u r e  on impact dampers. I t  was discussed 
as a s p e c i a l  case under t h e  te rm t r a n s l a t e d  as " s l i p -  
page" i n  Fedosenko and F e i g i n  (1971) and re fe rences  
the re in .  
ing;  t h e  impactor  l o s s  f a c t o r  i s  two orders o f  magni- 
t ude  lower  t h a n  a t  t h e  peak near A = 0.1. 

CONCLUDING REMARKS 

y - 0.02 and 
ove r  t h e  ampl i tude range up t o  10. 

It i s  n o t  a f a v o r a b l e  regime f o r  impact damp- 

The damping produced by a r e l a t i v e l y  l i g h t  impac- 
t o r  (-1 t o  4 pe rcen t  o f  t h e  o s c i l l a t o r  mass) i s  sub- 
s t a n t i a l  i n  comparison t o  t h e  l e v e l s  i n h e r e n t l y  present 
i n  many turbomachinery components. Whereas t h e  inher- 
e n t  l o s s  f a c t o r s  f o r  blades o f t e n  l i e  between 0.001 and 
0 . N .  even a 2 percen t  impactor  mass f r a c t i o n  can y i e l d  
an impact l o s s  f a c t o r  o f  0.1 a t  t h e  most e f f e c t i v e  
ampl i tude and above 0.01 over  a wide ampl i tude range. 
Thus t h e  p o s s i b i l i t y  o f  s i g n i f i c a n t  f l u t t e r  suppression 
and o f  order-of-magnitude reduc t i ons  i n  resonant vibra- 
t i o n  e x i s t s  f o r  a p p l i c a t i o n s  where impactors can be 
designed t o  work near t h e i r  optimum ampl i tude range. 
The smal l  mass r e q u i r e d  may p e r m i t  t h e  use o f  combina- 
t i o n s  o f  impactors  w i t h  d i f f e r e n t  gaps t o  a f f o r d  high 
damping ove r  wide ranges o f  i implitudes. 

Some aspects  o f  f o r c e d  response o f  impact damped 
systems (e.g., smal l  a m p l i f i c a t i o n s  o f  mot ion when the 
o s c i l l a t o r  i s  d r i v e n  a t  a f requency below i t s  na tu ra l  
frequency) a r e  n o t  i l l u m i n a t e d  by  these f r e e  decay 
r e s u l t s .  But  nea r  resonance, where most v i b r a t i o n  
problems a r e  o f  p r a c t i c a l  importance, t h e  f r e e  decay 
r e s u l t s  have reasonable p r e d i c t i v e  value. Furthermore, 
t h e  f r e e  decay r e s u l t s  d i r e c t l y  show t h e  r a t e  o f  recov- 
e r y  f r o m  e x c i t a t i o n  by  a s h o r t  t r a n s i e n t  disturbance. 

Frequency tun ing,  which l i m i t s  t h e  e f fec t i veness  
o f  t h e  tuned v i b r a t i o n  absorber t o  t h e  v i c i n i t y  of t he  
resonance f o r  which i t  i s  designed, i s  n o t  present  i n  
t h e  impact damper. 
m igh t  be c a l l e d  ampl i tude tun ing;  t h e  e f f e c t i v e n e s s  Of  
impact damping i s  a very s t rong  f u n c t i o n  o f  amplitude, 
be ing  h i g h e s t  when t h e  ampl i tude i s  about 10  percent 
o f  t h e  impac to r  gap f o r  c I 0.6, f a l l i n g  o f f  ab rup t l y  
a t  lower  ampl i tudes and f a l l i n g  rough ly  i n v e r s e l y  w i th  
ampl i tude a t  h i g h e r  amplitudes. 

one impact occurs i n  each h a l f  cyc le ,  was shown t o  l i e  
i n  t h e  h i g h  v e l o c i t y  of t h e  impactor caused by t h e  
occurrence o f  t h e  impacts when t h e  o s c i l l a t o r  i s  
advancing toward t h e  impactor. 

impact  dampin i n  t h e  l i g h t  damping regime. Impact 
damping i s  (17 d i r e c t l y  a d d i t i v e  t o  t h e  p r o p o r t i o n a l  
damping o f  t h e  o s c i l l a t o r ,  ( 2 )  p r o p o r t i o n a l  t o  t h e  
impactor  mass, ( 3 )  rough ly  p r o p o r t i o n a l  t o  (1 - E )  i n  
t h e  " a c t i v e "  reg ime f o r  t h e  impactor, and ( 4 )  ( f o r  a 
ve ry  rough approx imat ion)  approx imate ly  i n v e r s e l y  pro- 
p o r t i o n a l  t o  ampli tude. 

was shown t o  b e  c o r r e l a t e d  w i t h  t h e  impact pa t te rn .  

However, i t  i s  rep laced by what 

The o r i g i n  o f  t h e  h ighes t  damping, obta ined when 

Several f a c t o r s  pe rm i t  approximate p r e d i c t i o n  of  

The dependence o f  impact damping upon amplitude 

The graphs o f  impact phase as a f u n c t i o n  o f  ampli tude 
i l l u m i n a t e d  t h e  impact p a t t e r n s  i n  cons ide rab le  d e t a i  1 
and showed examples o f  p e r i o d  doubl ing,  evidence o f  
p o s s i b l e  c h a o t i c  behavior  and t h e  ex i s tence  o f  jump 
phenomena. 
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APPENDIX - DERIVATION OF EQUATIONS 

Between two successive impacts t h e  equat ions o f  
mot ion a r e  s imply  those o f  a damped harmonic o s c i l l a t o r  
and o f  a f r e e  p a r t i c l e .  Well  separated bounces a re  
t r e a t e d  by assuming t h a t  a c o e f f i c i e n t  o f  r e s t i t u t i o n  
e x i s t s .  A separate procedure i s  used f o r  a "bounce 
down," as discussed below. When t h e  p a r t i c l e  i s  a t  
r e s t  on a w a l l  t he  equat ion o f  mo t ion  i s  t h a t  o f  a 
damped harmonic o s c i l l a t o r  w i t h  increased mass. A 
second spec ia l  s i t u a t i o n  occurs when t h e  s tuck impactor 
i s  thrown f r e e  o f  t h e  main o s c i l l a t o r .  

Mot ion Between Well-Separated Impacts 
The equat ion o f  mot ion o f  t h e  o s c i l l a t o r  wi th  mass 

.m, s p r i n g  constant  k and p r o p o r t i o n a l  damping con- 
s t a n t  c i s  

.. 
x + 2rwn; + mix P 0 

where wn = V k l m  i s  t h e  undamped n a t u r a l  f requency 
and c = c/(2mon) i s  t h e  v iscous damping r a t i o .  
One form o f  t h e  s o l u t i m  i s  

-c w n t  
x I ( a  s i n  w o t  + b cos wot)e (2 1 

where we take  t ime  t equal t o  ze ro  a t  t h e  most r e c e n t  
impact, and w 0  = 0, fg i s  t h e  damped n a t u r a l  

5 



frequency. 
i rnnediate ly  a f t e r  t h a t  impact are xo and io, t hen  
t h e  constants  a and b a re  g i ven  by 

I f  t h e  o s c i l l a t o r  displacement and v e l o c i t y  

b = x0 

a - ( i o  + X o L w n ) / w o  

Between impacts t h e  impactor has a constant  
v e l o c i t y  . 
Equations f o r  Well-Separated Impacts 

I n  the  r e s t i t u t i o n  model 

y+ = --E y- 

I f  the v e l o c i t i e s  o f  t h e - o s c i l l a t o r  be fo re  and a f t e r  
an impact a re  i -  and x+, then conserva t i on  of 
t o t a l  momentum r e q u i r e s  

By us ing  ( 4 )  t o  e l i m i n a t e  ,+ f rom (5), we o b t a i n  

(3) 

( 4 )  

The va lue o f  $+ f rom ( 4 )  i s  t h e  i n i t i a l  impactor  
r e l a t i v e  v e l o c i t y  f o r  t h e  new t ime  i n t e r v a l .  
o f  i+ f r om equat ion ( 6 )  becomes t h e  i n i t i a l  veloc- 
i t y  ,xo o f  t h e  o s c i l l a t o r  dcr ing t h e  new i n t e r v a l  
and i s  used t o  determine t h e  new value o f  t h e  constant  
a i n  equa t ion  ( 3 ) .  
unchanged by  t h e  impact, because t h e  impact i s  assumed 
t o  occur  i n  an i n f i n i t e s i m a l  increment o f  t ime. 

The t i m e  of impact i s  obtained by c a l c u l a t i n g  t h e  
r e l a t i v e  displacement o f  t h e  impactor a t  r e g u l a r  small  
t i m e  i n t e r v a l s  u n t i l  impact occurs. Then t h e  impact 
t i m e  i s  found t o  t h e  d e s i r e d  accuracy by t h e  method of 
b i  sect ion.  

The va lue  

The p o s i t i o n s  o f  t h e  two masses a r e  

Impactor  Bouncing t o  Rest Re la t i ve  t o  t h e  O s c i l l a t o r  
The impactor  can come t o  r e l a t i v e  r e s t  on e i t h e r  

w a l l  o f  t h e  c a v i t y  i n  a f i n i t e  t i m e  w i t h  an i n f i n i t e  
number o f  bounces. T h i s  happens a t  h i g h  o s c i l l a t o r  
ampli tudes A (A 2 5 f o r  E = 0.6 and p 5 8 percen t ) .  
The s o l u t i o n  o f  t h e  equations i n t e r v a l - b y - i n t e r v a l  
desc r ibed  above must be abandoned d u r i n g  bounce-down 
because o f  t h e  i n f i n i t e  number o f  t ime  i n t e r v a l s .  The 
f i n i t e l t i m e  t o  come t o  r e l a t i v e  " r e s t "  can be est imated 
i f  t h e  a c c e l e r a t i o n  ? o f  the o s c i l l a t o r  i s  f a i r l y  
cons tan t  d u r i n g  t h e  bounce-down process. I n f i n i t e  sums 
g i v i n g  t h e  t o t a l  t i m e  t o  come t o  r e s t  and t h e  remain ing 
impulse t r a n s f e r r e d  t o  t h e  osci 11 a t o r  can be evaluated 
i n  c losed  form. However, t h i s  i s  n o t  accurate when-the 
bounce-down approaches an o s c i l l a t o r  phase near 180 , 
which occurs d u r i n g  f r e e  decay j u s t  be fo re  t h e  system 
leaves t h e  bounce-down regime (near  A P 5 i n  f i g .  14). 
The present  r e s u l t s  do n o t  u t i l i z e  t h e  i n f i n i t e  sums. 
Ins tead  t h e  impacts were fo l lowed u n t i l  t h e  t ime  
between them was deemed s u i t a b l y  s h o r t  and then  t h e  
nex t  bounce was assumed t o  occur w i t h  ze ro  r e s t i t u t i o n ,  
i n i t i a t i n g  a " s tuck "  condi t ion.  
t r e a t i n g  bounce-down i s  presented by  S o l l e r  (1985) w i t h  
d e t a i l s  o f  nondimensional izing t h e  equat ions of mot ion 

A s i m i l a r  method o f  

and t h e i r  so lu t i ons .  A f t e r  bounce-down i s  complete, 
t h e  two masses move as one as l o n g  as t h e  impactor i s  
stuck. 

-:ton o f  mot ion and i t s  s o l u t i o n  f o r  t h e  
combined system o f  t h e  o s c i l l a t o r  and t h e  impactor a re  
o f  t h e  same forms as f o r  t h e  o s c i l l a t o r  alone. Several 
o f  t h e  constants  must be changed t o  r e f l e c t  t h e  
increase i n  mass by t h e  f a c t o r  (1 + p ) .  

Sl ing-Free of Stuck Impactor 
The s tuck impactor remains on a c a v i t y  w a l l  as 

l o n g  as t h e  o s c i l - l a t o r  a c c e l e r a t i o n  i s  toward t h e  
impactor. 
impactor  i s  thrown f ree.  
f o r c i n g  i n  t h e  o s c i l l a t o r  system, t h i s  would occur  a t  
t h e  e q u i l i b r i u m  p o s i t i o n  o f  t h e  o s c i l l a t o r ,  b u t  w i t h  
e i t h e r  p resen t  t h e  exact  t i m e  o f  t h e  a c c e l e r a t i o n  s i g n  
change must be found. T h i s  t i m e  was found i n  t h e  same 
way as f o r  impact t imes. 

When t h e  a c c e l e r a t i o n  changes sign, t h e  
I n  t h e  absence o f  damping and 

Use o f  Dimensionless Ja r iab les  
To f a c i l i t a t e  computations and t o  o b t a i n  r e s u l t s  

i n  a enera l  form, t h e  equat ions were p u t  i n  nondimen- 

The mass m o f  t h e  o s c i l l a t o r  i s  t h e  mass u n i t  and i n  
terms o f  i t  t h e  impactor mass'is t h e  mass f r a c t i o n  IJ. 
The t i m e  u n i t  i s  IU;', t h e  r e c i p r o c a l  o f  t h e  

undamped n a t u r a l  frequency. 
o s c i l l a t i o n  i s  2n in t h e  absence o f  t h e  impactor, and 
t h e  damped p e r i o d  i s  n e g l i g i b l y  d i f f e r e n t  f o r  t h e  small  
values o f  c used here in.  W i th  an impactor  present  
t h e  p e r i o d  i s  s l i g h t l y  i r r e g u l a r  when t h e  impact pat -  
t e r n  does n o t  repeat  i n  s 
average va lue  i s  P n f e ! ,  except in t h e  impact 
f a i l u r e  range. 

s iona  7 form. The c a v i t y  gap d i s  t h e  u n i t  o f  length. 

The undamped p e r i o d  o f  

s s i v e  cyc les,  b u t  i t s  

C a l c u l a t i o n  o f  Loss Factor  and Impact Phase 
'The loss f a c t o r  i s  de f ined  as t h e  f r a c t i o n  o f  

v i b r a t i o n a l  energy d i s s i p a t e d  p e r  rad ian.  
t w i c e  t h e  f r a c t i o n  o f  ampl i tude decrease p e r  r a d i a n  i n  
a f r e e  decay. (Note t h a t  f o r  p I 0. one r a d i a n  i s  one 
u n i t  o f  nondimensional t i m e  b u t  f o r  p > 0, one r a d i a n  
o f  a c t u a l  mot ion spans p% nondimensional t i m e  
u n i t s .  The ampl i tude was c a l c u l a t e d  eve ry  h a l f  cyc le .  
A l e a s t  squares p a r a b o l i c  f i t  o f  t h e  ampli tudes i n  f i v e  
success ive c y c l e s  was used t c  determine t h e  decay r a t e  
and t h e  l o s s  f a c t o r .  T h i s  smoothing procedure was used 
because some impact p a t t e r n s  cause cons ide rab le  f l u c -  
t u a t i o n s  o f  amplitude. 

The phase o f  t h e  impacts d u r i n g  a h a l f  c y c l e  was 
measured f r o m  t h e  t ime  to o f  t h e  most r e c e n t  ze ro  
c r o s s i n g  o f  t h e  o s c i l l a t o r  displacement. The phase 

Q~ 

It i s  a l s o  

o f  any impact, measured i n  degrees was ca lcu-  

'pi I 180' (ti - t o ) / ( r 6 )  
l a t e d  from 

where t i  
use o f  ( 7  
per iod.  

and to are nondimensional t imes. The 
g i v e s  t h e  phase compared t o  an average 

(7) 
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FIGURE 1. - SCHEMATIC OF IMPACT-DAMPED HARMONIC OSCILLATOR. 
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FIGURE 2. - AMPLITUDE DECAY CURVES WITH KEYS TO IMPACT 
PATTERNS I N  FIGURES 3 AND 4: < .= 0.0001; E = 0.6. 
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( A )  AMPLITUDE. -5.6: INFINITE NUMBER OF IMPACTS EACH HALF CYCLE. 
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(B> AMPLITUDE, -2.6: THREE IMPACTS EACH HALF CYCLE. 

FIGURE 3. - IMPACTOR DISPLACEMENT SHOWN RELATIVE TO CAVITY WALLS. 

8 



W 

I- 

w 
oi 

oi 
0 c u 

L, 

4 

n z 

1 .o 

.8 

.6 

.4 

.2 

I 
I 
I 
I 
! 
I 

I 

I 

I 
i 

I 
i 
! 

I 
I 
I 

I 
i 

I 
! 
I 

I 

TIME 
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FIGURE 3. - CONCLUDED. 
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( A )  AMPLITUDE. -0.4; TWO UNEQUALLY SPACED IMPACTS PER CYCLE. 
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(B) AHPLITUDE.-0.2; TWO EQUALLY SPACED IMPACTS PER CYCLE. 

FIGURE 4. - IMPACT PATTERN. ABSOLUTE DISPLACEMENT OF IMPACTOR 
SHOWN TOGETHER WITH ABSOLUTE DISPLACEMENT OF CAVITY WALLS. 
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FIGURE 6. - SPECIFIC TOTAL LOSS FACTOR AS A FUNCTION 

13 



x 

t 
I I I I I 1 1 1 1  I ! I 1 ! 1 1 1 1  ,0001 

I 1 1 I I I l l )  

a 01 . 1  1 .o 10 
NONDIMENSIONAL AMPLITUDE 
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FIGURE 9. - AMPLITUDE TIMES SPECIFIC IMPACTOR LOSS FACTOR AS A 
FUNCTION OF MPLITUDE. p =  2 PERCENT; < =  0.01 PERCENT; 
0.1 PERCENT; 0.2 PERCENT; 0.4 PERCENT; AND 0.8 PERCENT. 

1 6  



c 

t i 

.o 

F 

I I I 1 1 1 1  I I I I i 1 1 I 1  1 1 1 1 1  1 1 1 1  

0.1 1 .o 10 
NONDIMENSIONAL AMPLITUDE 

GURE 10. - AMPLITUDE TIMES SPECIFIC IMPACTOR LOSS FACTOR 
FOR THREE VALUES OF THE COEFFICIENT OF RESTITUTION. 
p =  0.02; < =  0.0001; E.= .4: .6 AND .8. 
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FIGURE 11. - AMPLITUDE TIMES SPECIFIC IMPACTOR LOSS FACTOR 
DIVIDED BY (1-E) FOR THREE VALUES OF THE COEFFICIENT OF 
RESTITUTION, p =  0.02; T =  0.0001; E:= 0.4; 0.6 AND 0.8. 
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